We consider a system of two superconducting islands, each of which is coupled to a bulk superconductor via Josephson tunneling. One of the islands represents a ''Cooper-pair box,'' i.e., it is an effective two-level system. The other island has a smaller charging energy and approximates a harmonic oscillator. A capacitive interaction between the islands results in a dependence of the oscillator frequency on the quantum state of the box. Placing the latter in a coherent superposition of its eigenstates and exciting coherent oscillations in the large island will lead to a phase shift of these oscillations depending on the box quantum state, thereby producing a coherent superposition of two ''mesoscopically distinct'' quantum states in the large island.
I. INTRODUCTION
Recent experiments by Nakamura, Pashkin, and Tsai. 1 have demonstrated the coherent quantum dynamics of a socalled ''Cooper-pair box,'' consisting of a small capacitance superconducting island coupled to a bulk superconductor via Josephson tunneling. Due to the small capacitance, there can be only zero or one excess Cooper pair on the island, which leads to an effective two-level description of the system ͑at appropriate values of the external bias voltage͒. The possible use of these two-level systems as building blocks of a quantum computer had been suggested already prior to Nakamura's work ͑see Refs. 2 and 3͒. However, it is clear that realizing such a quantum computer even with a modest number of qubits will prove exceedingly difficult and progress will be made only in small steps. A first step in this direction will consist in the coupling of two such Cooper-pair boxes.
Here, we consider theoretically another possibility: the capacitive coupling to a larger superconducting island that has a comparatively small charging energy, see Fig. 1 . Its dynamics will involve more charge states and would approach that of a harmonic oscillator in the limit E J /E C →ϱ, where E J and E C denote the Josephson coupling energy and the charging energy of the large island, respectively. 4 This suggests a rough analogy to the case of a two-level atom interacting with a single mode of the quantized electromagnetic field. Such a system has been explored experimentally in the field of cavity quantum electrodynamics. In particular, it has been used to entangle the two-level atom's state with a coherent state of the field harmonic oscillator, thereby creating a kind of ''Schrödinger cat'' state, in which the phase of the coherent oscillations depends on the quantum state of the two-level system ͑see Refs. 5͒. Therefore, the quantum superposition of two different microscopic states has been carried over to a superposition of two mesoscopically distinct states. This has also been considered as a model system for studying both the measurement process and decoherence by coupling the ''mesoscopic'' system to the external states of the environment ͑decay of the cavity mode͒. Although a kind of Schrödinger cat state has been proposed theoretically before in the context of a single Josephson junction, using quite a different mechanism ͑see Ref. 6͒, it did not feature the entanglement of a ''microscopic'' with a ''mesoscopic'' system.
The most important ingredient of such a system consists in a way of making the harmonic oscillator frequency dependent on the quantum state of the two-level system. Coming back to the superconducting island, this would mean a dependence of E J or E C on the state of a two-level system, which does not seem to be feasible at the moment, although replacing the single Josephson junction by a SQUID that is threaded by the flux of a ''phase qubit'' ͑proposed by Mooij et al.
7
͒ could make the value of the effective E J depend on the state of that qubit. In the present work, we will consider another possibility, suggested by the analogy to the two-level atom, which changes the cavity mode frequency by an offresonant ͑dispersive͒ coupling between the two. In the setting of the two capacitively coupled islands, this can be realized by detuning the oscillation frequency of the ''large island'' and the Josephson frequency of the Cooper-pair box. It is also necessary to operate the box at the degeneracy point, where the charging energies of the two states ͑with and without one excess Cooper pair͒ coincide and where the eigenstates are superpositions of the two charge states. Since the capacitive coupling is diagonal in the charge basis, it will be nondiagonal in the eigenbasis of the box, which will be essential for the proposed realization of a state-dependent frequency of the larger island.
II. MODEL
The Hamiltonian consists of the charging energies and Josephson coupling energies of both islands separately and an additional interaction term representing the purely capacitive coupling between the charges on both islands:
where the indices B, O, and I refer to the Cooper-pair box, the large island ͑''oscillator''͒ and the interaction, respectively. They are given by
and
͑4͒
Here, N and N B are the operators corresponding to the number of excess Cooper pairs on the large and small islands, respectively, while and B are the corresponding canonically conjugate phases. Gate voltages applied to both islands independently introduce offsets of N G and N GB for the charging energies. The Josephson coupling energies are given by E J , E JB , and the charging energy for a single Cooper pair is E C or E CB . The strength of the interaction between the charges on both islands, resulting from the mutual capacitive coupling, is given by E CC . The offset of Ϫ1/2 in the interaction energy Ĥ I is introduced for convenience and could be compensated by a shift of the gate charge in Ĥ O . A calculation relating these parameters to the actual values of the capacitances and gate voltages is given in the Appendix.
The charging energy of the Cooper-pair box is assumed to be so large that it is permissible to neglect all charge states except for the two lowest lying ones. Initially, the Cooperpair box is prepared in an equal superposition of its two energy eigenstates by switching the gate offset N GB to the degeneracy point N GB ϭ1/2 , starting at a value which is sufficiently far away from this point. The gate offset of the large island is first set to a value N G ӷ1 , which is then quickly switched to zero. We are interested in analyzing the subsequent quantum dynamics of the entire system, which will turn out to entangle the box states with two states of the large island that can be ''mesoscopically distinct.''
III. APPROXIMATION THROUGH A HARMONIC OSCILLATOR
In the limit E J /E C ӷ1 , the width ␦N of the ground state of the large island is much larger than one. Therefore, we can treat the charge variable N as continuous and arrive at the model of a harmonic oscillator coupled to a two-level system ͑''Jaynes-Cummings model'' in quantum optics͒:
where q corresponds to the scaled charge variable ͑now taken to be continuous͒, p is its canonically conjugate momentum (ប has been set to 1), z and x act on the twolevel system whose Hamiltonian is diagonal in the z basis with an energy difference of E JB ϵͱ2E J E C B , and g is a dimensionless measure of the coupling strength:
.
͑8͒
Note that the coupling term ϳ x between the charges on both islands is nondiagonal in the eigenbasis of the two-level system, since at the degeneracy point N GB ϭ1/2 the eigenstates are equally weighted superpositions of the two charge states.
In the context of Josephson junctions, the JaynesCummings model has been studied previously for the coupling to a single mode of the quantized electromagnetic field ͑see, e.g., Ref. 8͒ and to a superconducting resonator circuit. 9 In the following, we will analyze the dimensionless Hamiltonian
where the oscillator frequency is equal to 1 . Without the interaction, the eigenstates of ĥ O can be labeled ͉Ϯ,n͘ (n ϭ0,1,2, . . . ), where n refers to the eigenstates of the harmonic oscillator and Ϫ and ϩ stand for the ground state and excited state of the two-level system. The energies are given by
For a harmonic oscillator the procedure of switching the gate voltage ͑and thereby the offset q G of the harmonic oscillator potential͒ excites coherent oscillations of amplitude q G in the variable q . The effect of the coupling to the two-levelsystem is to shift the frequency of the coherent oscillations by an amount that depends on the state of the two-level system. This can be analyzed most easily within the rotatingwave approximation to the Jaynes-Cummings model, where only the coupling between the almost degenerate states ͉ϩ,n͘ and ͉Ϫ,nϩ1͘ is taken into account and the Hamiltonian is diagonalized within these two-dimensional subspaces. This is permissible as long as both the detuning ␦ ϵ1Ϫ B between the oscillator and the two-level system and the coupling between them are much smaller than the frequency of the oscillator (␦Ӷ1 and gͱnӶ1). For the particular case of weak coupling considered here,
gͱnӶ␦, ͑11͒
where the effective coupling strength is much smaller than the detuning ␦ , the most important effect on the quantum dynamics is due to the small shift in energy levels, given by
There is no shift for the state ͉Ϫ,0͘ in this approximation. In the following, we will only take into account the energy shift, which leads to a slow change of the phase over the course of many oscillations. We will neglect the small change in the eigenstates, which is of order gͱn␦ Ϫ1 . It is unimportant for the present discussion, as it does not lead to such a phase shift growing in time.
An initial product state ⌿ Ϯ (0)ϭ͉Ϯ͘ ͉␣͘ consisting of one of the two eigenstates ͉Ϯ͘ of the two-level system and an oscillator coherent state
will evolve into
where the global phase of the wave function is given by Ϯ (t), whereas the time-evolved complex phase for the coherent oscillation is ␣ Ϯ (t) :
͑17͒
Therefore, a phase difference with respect to the phase of the coherent oscillation develops between the two states and it is given by 2 g
Starting the system in a state
will lead, after a time on the order of ␦/g 2 , to a superposition of two different coherent states of the harmonic oscillator. They will be ''mesoscopically distinct,'' provided the amplitude of the coherent oscillations is larger than the width of the wave packet, i.e., the width of the ground state ͑which is Ϸ1 in these dimensionless variables͒. These states are entangled with the states of the two-level system. In this way, a ''Schrödinger cat state'' has been produced.
In the following, we investigate numerically how this scenario changes when we go back to the original system of a superconducting island with a large but finite ratio E J /E C , instead of the ideal harmonic oscillator considered up to now in the rotating-wave approximation.
IV. NUMERICAL SIMULATION
We have studied the effects of deviations from the ideal harmonic oscillator case by direct numerical simulation of the quantum dynamics resulting from the original Hamiltonian Ĥ O . These deviations are due to the fact that N is an operator with discrete eigenvalues in contrast to the continuous spatial coordinate q . Viewed differently, the approximation of a harmonic oscillator is only valid in the limit of E J /E C →ϱ when one can replace the cos term by the parabolic potential 1Ϫ 2 /2. The results shown in Fig. 2 have been obtained for the parameters E J /E C ϭ50, E JB /E C ϭ9, E CC /E C ϭ0.1 , and E CB /E C ϭ100, so that the relative detuning between the frequency of the harmonic oscillator and the two-level system is
whereas the dimensionless coupling strength is
The initial gate charge of the oscillator was set to N G ϭ2 in this simulation. Note that this corresponds to about 1/3 of the ground state's full width at half maximum ͑FWHM͒, so that this simulation is not yet in the parameter regime where the oscillator states become completely orthogonal after a while. ͑An increase in N G would lead to more pronounced squeezing, as described below.͒ It is evident from Fig. 2 that the deviations from the ideal model result in a kind of squeezing for the amplitude of the oscillations and fluctuations in the time evolution of the phase difference.
V. POSSIBLE EXPERIMENTAL REALIZATION
Here we will first describe a possible experimental procedure to realize the ''Schrödinger cat'' states. At the end of this section, the various parameters and possible restrictions on them are discussed.
Initially, both the ''box'' and the harmonic oscillator have to be prepared in their ground states, which depend on the gate voltages applied to the two islands. The gate voltage of the box should be chosen sufficiently far away from the degeneracy point such that its ground state is a charge state. A nonvanishing gate voltage must be applied to the large island so that the corresponding gate charge N G is ͑preferably much͒ larger than 1. At tϭ0, N G is switched to zero, on a time scale which is short compared to the oscillation period. This will start coherent oscillations of a frequency close to ͱ2E J E C . Similarly, the box gate charge N GB must be switched to ͑or near͒ the value of 1/2 corresponding to the degeneracy point, so that its old ground state now becomes a superposition of the two new energy eigenstates ͑with equal weights in the case of N GB ϭ1/2). The subsequent time evolution of the entire system will lead to the entangled ''Schrö-dinger cat''-like state described above. After a time of the order of tϷ␦/g 2 , i.e.,
when the desired state has been produced, it is to be measured. To this end, it is preferable to ''freeze'' the charge dynamics both of the box and the oscillator. For the case of the box, this can be done by switching the box gate charge N GB back to zero. The Josephson coupling E J of the oscillator could be set to zero if the junction connecting the large island and the corresponding bulk superconductor ͑marked by C J in Fig. 3͒ is replaced by a dc-SQUID ring, whose effective E J depends on the flux threading the ring and vanishes for ⌽ϭ⌽ 0 /2 . The charges on the small and large superconducting islands can then be measured like in Nakamura's original experiment via the current that flows through the ''probe leads'' that have been coupled to the islands through tunnel junctions. Alternatively, one could make use of the single-electron transistor as a measurement device 10 for both charge states. The probability P to measure no excess Cooper pair on the box initially oscillates between 0 and 1 , since the box starts in an equal superposition of its new energy eigenstates at the degeneracy point. After some time, the coupling to the large island gradually leads to entanglement of the box eigenstates with the coherent oscillator states. Since the frequency of the oscillation depends on the box eigenstate, the phases of the two oscillator states become distinct. Therefore, the overlap of these states becomes zero, so that the reduced density matrix of the box describes an equal mixture of the two charge states. This suppresses the observed oscillations in the probability P. In the ideal case ͑at least͒, one may observe a revival of these oscillations, once the accumulated phase difference reaches the value of 2 .
The experimental parameters corresponding to the numerical simulation above are the following. Taking the charging energy of the large island to be E C ϭ10 eV ͑compare the thermal energy, e.g. k B TϷ30 mKϷ3 eV), this leads to a Josephson coupling energy of E J ϭ50E C ϭ500 eV. The latter should be smaller than the gap-this condition is not fulfilled for Al used in Nakamura's experiment. The parameters of the box are E JB ϭ9E C ϭ90 eV and E CB ϭ1 meV, which is again larger than the gap. Note that the size of E CB does not affect the results of the simulations described above, but if it is too small-compared with E JB -the approximation of a two-level system is no longer justified. The charging energy connected with the capacitive coupling is E CC ϭ0.1E C ϭ1 eVϷ10 mK. This is probably smaller than the thermal energy, but the influence shown. This expectation value was calculated with respect to the two energy eigenstates ͉ϩ͘ and ͉Ϫ͘ of the Cooper-pair box, resulting in the solid and dashed lines. In the ideal case discussed in the text, these envelopes should be constant and equal to the initial value of 2. The lower figure displays the time evolution of the difference between the phases of the two oscillations, where the straight line gives the theoretical expectation for the ideal harmonic oscillator ͑see text͒. Note that the time t is given in dimensionless units, for which the oscillation period of the ideal harmonic oscillator is 2, which approximately corresponds to the oscillation period in this simulation as well. FIG. 3 . Circuit diagram for the system shown in Fig. 1 . The two superconducting islands appearing as boxes in Fig. 1 correspond to the regions marked by dashed rectangles. The junction and gate capacitances are C J and C G for the larger island and C JB , C GB for the ''box.'' The coupling capacitance is denoted by C C and the gate voltages are V and V B .
of thermal fluctuations on the dynamics depends on the strength of the coupling to the environment and the time duration of the experiment.
VI. CONCLUSIONS
We have analyzed the model of two capacitively coupled superconducting islands, one of which can be considered to be a two-level system and the other one an approximation to a harmonic oscillator, whose oscillation frequency depends on the state of the two-level system. Placing the former in a coherent superposition and the latter in an oscillation of the average charge number will result in a time evolution that leads to mesoscopically different states of the large superconducting island ͑so that its wave function is peaked at different values of the charge number͒. We have presented results of numerical simulations taking into account the deviations of the system from the ideal case of a two-level system coupled to a perfect harmonic oscillator. A measurement of the resulting ''Schrödinger cat'' state could be realized using the techniques pioneered in the experiment of Nakamura et al.
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APPENDIX: CIRCUIT DIAGRAM AND RELATIONS BETWEEN THE PARAMETERS
The relations connecting the charges and the voltages on the different capacitors are the following, where Q is the total charge on the larger island ͑see Fig. 3͒ :
There are two further equations that result from replacing Q by Q B , V G by V GB , etc. in the first two of these lines. In ͑A1͒, Q C must be replaced by ϪQ C . The charging energy is given by
Using all of the equations given above, together with the usual relation between charge, voltage, and capacitance for each of the capacitors, the charging energy E ch can be rewritten as a function of the total charges Q and Q B alone:
Here the following abbreviations have been introduced:
The quantities E CB and Q B can be obtained by interchanging C G with C GB , V with V B , etc., in the expressions for E C and Q .
In the main text the charging energy was used in the form
͑A9͒
where NϵQ/(2e), N B ϵQ B /(2e), and the offsets N G and N GB introduced by the gates are
In the limit of vanishing coupling capacitance C C , the value of N G tends to the usual expression, ϪVC G /(2e) ͑analogously for N GB ). Likewise, E C becomes 2e 2 (C G ϩC J ) Ϫ1 . The values for E C , E CB , and E CC quoted in the text can be obtained by choosing the capacitances to be ͑for example͒ C J ϭ2.75ϫ10 Ϫ16 F, C JB ϭ0.5ϫ10 Ϫ16 F, C G ϭ3.2 ϫ10 Ϫ14 F, C GB ϭ2.5ϫ10 Ϫ16 F, C C ϭ1.6ϫ10 Ϫ17 F. Since there are only three equations for five unknowns, it is possible to choose other values, within a certain range.
